A predator᎐prey model with a stage structure for the predator which improves the assumption that each individual predator has the same ability to capture prey is proposed. It is assumed that immature individuals and mature individuals of the predator are divided by a fixed age and that immature predators do not have the ability to attack prey. We obtain conditions that determine the permanence of the populations and the extinction of the populations. Furthermore, we establish necessary and sufficient conditions for the local stability of the positive equilibrium of the model. By exploiting the monotonicity of one equation of the model, we obtain conditions for the global attractivity of the positive equilibrium, which allow for long delay as long as the predator birth rate is large or the death rate of immature predators is small. By constructing Liapunov functionals, we also obtain conditions under which the positive equilibrium is globally stable when the delay is small. ᮊ
INTRODUCTION
Stage-structured models have received much attention in recent years. This is not only because they are much simpler than the models governed by partial differential equations but also because they can exhibit phenomena similar to those of partial differential models and many important w x physiological parameters can be incorporated 1 . Mathematical analyses for single species models with stage structure were performed by Aiello w x w x w x and Freedman 2 , Freedman and Wu 3, 4 , Kuang and So 5 , and Brauer w x w x w x and Ma 6 . Recently, Wang and Chen 7 and Magnusson 8 considered predator᎐prey models with a stage structure for the predator in order to analyse the influences of a stage structure for the predator on the dynamics of predator᎐prey models. But these models ignore the duration time of immature predators and adopt functional responses of Lotka᎐ Volterra type. The purpose of the present paper is to perform a global analysis of the model by introducing the duration times of immature individual predators into the model and by incorporating the ratio-dependent functional response of Michaelis᎐Menten type into the model, motiw x vated by recent works of Kuang and Beretta 10 and Beretta and Kuang w x 11 .
Ž . Ž . Let x t denote the density of prey at time t, y t the density of Ž . immature individual predators at time t, and z t the density of mature individual predators at time t. It is assumed that immature individuals and mature individuals are divided by age Ј and that immature individual predators do not feed on prey and do not have the ability to reproduce. This seems reasonable for a number of mammals where immature predators are raised by their parents and their reproduction rate and attacking rate for prey can be neglected. Based upon the above assumptions, we have the model dx a z t Ž . 
Ž .
2 dt mz t q x t Ž . Ž .
1.1
Ž .
x t y Ј z t y Ј Ž . Ž . where r is the intrinsic growth rate of the prey, a is the density-dependent 1 coefficient of the prey, a is the capturing rate of mature predators, m is 2 the half capturing saturation constant, b ra is the rate of conversion of 1 2 nutrients into the reproduction rate of the mature predator, b is the 2 death rate of immature predators and c is the death rate of mature predators. The term represents the number of immature predators that were born at time t y Ј which still survive at time t and are transferred from the immature stage to the mature stage at time t. Ž . Note that the first equation and the third equation of 1.1 can be separated from the whole system. Thus, we only consider the model dx a z t Ž . is a positive constant and we are only interested in the permanence and Ž . Ž . stability of 1.1 , it is easy to see that 1.1 inherits the permanence and Ž . Ž . stability of 1.2 . Because of this, we will concentrate on 1.2 .
What we shall emphasize is that this model is different from the model w x studied by Beretta and Kuang in 11 , were the first term of the second
represents the duration time of immature individuals predators and has a w x w x different biological meaning from the delay in the model of 11 . In 11 , they established nice conditions for the global stability of the model when Ž . the delay is small. Since the delay in 1.2 is the duration time of immature individual predators which is uncontrollable in a number of cases, we will establish sufficient conditions for the global stability of a positive equilibrium where there is much less restriction of the length of delay. Specifically, our conditions for the global stability of positive equilibrium admit a long delay when the predator birth rate is large or the death rate of juvenile predators is very small. Before proceeding further, let us scale Ž . The organization of this paper is as follows. In the next section we establish the conditions that determine the permanence of the model and the extinction of the predator. Our results show that the duration length of juvenile predators play an important role in determining the permanence of the populations. Section 3 presents necessary and sufficient conditions for the local stability of a positive equilibrium, which show that the stability of the positive equilibrium can be changed due to an increase of the delay. In Section 4, we derive two types of sufficient conditions for the global stability of the positive equilibrium of the model, the first of which allows for long delay, while the second one applies when the delay is small. The paper concludes with a brief discussion about the biological meaning of our results.
by putting
where ␣ s a rr, ␤ s a mrr, s r. By rewriting X, Z, s as x, z, and t,
PERMANENCE AND EXTINCTION
The purpose of this section is to present conditions that determine the Ž . permanence of 1.4 and the extinction of the populations. Let us begin by Ž . considering the positivity of solutions of 1.4 . It is easy to see that the Ž . Ž . solutions of 1.4 with the initial conditions of the form 1.3 are always Ž . nonnegative on their existence intervals. If we further restrict x 0 ) 0 and Ž . z 0 ) 0, then each component of the solutions will be positive as long as t ) 0 and the solutions exist. Such solutions will be called positive solutions.
Ž . We say that 1.4 is permanent if there exist positive constants M and ⑀ Ž . such that each positive solution of 1.4 satisfies
Ž . Ž . 1 2 high mortality rates for adult and juvenile predators, a low conversion rate of prey biomass into juveniles, and a long delay guarantee the extinction of predators; i.e., the low net productivity of the predator leads to the extinction of predators. 
Ž
.Ž .
where ⑀ ) 0 is sufficiently small, when t is sufficiently large. By the Ž . Ž .Ž comparison principle, we see that lim inf z t G y d 1 y a y t ªqϱ . ⑀ rd. The proof is complete.
Since a -1 is equivalent to a -rm and the net growth rate of the prey 2 at low prey density is r y a rm, Theorem 2.2 indicates that the popula-2 tions will be permanent if the net productivity of the predator is high and the net growth rate of the prey at low prey density is positive.
Ž . Let us consider the permanence of 1.4 in the case that a ) 1. Set Ž . u s zrx. Then 1.4 is transformed into Ž .
x t Ž .
Then select sufficiently large T that 
It implies that
Ž . Ž . where the assumption of x t -1 is used. By the second equation of 2.3 Ž . Ž . and 2.4 , 2.5 , we obtain
Ž . In view of 2.7 , we have
Ž . which implies that u t ª 0 as t ª ϱ. This contradiction proves the claim.
is sufficiently large. If not, the previous claim shows that one can find an
Thus, we have t ) t q T . By similar arguments to those above, we see
Ž . Ž . Ž . It follows from 2.8 that
Ž . This contradicts u t G 0, and the claim is proved. Since M is inde- 2 1 pendent of the choice of positive solutions, we conclude that positive solu-Ž . tions of 2.3 are ultimately bounded when 1 -a -1 q d. The proof is complete. 
ii -ae .
Proof. Let x t , u t be an arbitrary positive solution of 2.3 . We will show that there is a positive constant , independent of the choice of a Ž . Ž . positive solution, such that lim inf x t G and lim inf u t G .
Set
, the function f u, ⑀ can be rewritten as
Since y 0 is the maximal root of g y s 0 in 0, a and Ž . w . M Ž . g y -0 for y g 1, a , we must have y 0 -1.
Choose ⑀ ) 0 and ⑀ ) 0 small enough such that
We claim that it is impossible that x t -⑀ for all large t. Conversely, Ž .
As a consequence, we have
It is easy to see that positive solutions of 2.13 are monotonic with respect w x M Ž . to initial values 13 . Furthermore, it is easy to check that u ⑀ is a Ž . Ž . M Ž . maximal nonnegative equilibrium of 2.13 and f u,
Ž . w x Let us define s nK for g y , 0 where n ) 1 is sufficiently large 
Ž . which implies that x t ª qϱ as t ª ϱ. This contradicts x t -⑀ for all large t. Therefore, the claim is proved. 
Note that
We must have t y t ) T . By repeating the arguments in the proof of the
Ž . Ž . which contradicts x t F 0. This proves that 2.14 is valid. Note that thė 2 positive constant is independent of the choice of the positive solution. 1 We have actually verified that is an ultimate lower bound of the first 1 Ž . argument of positive solutions of 2.3 .
We now turn to the existence of the positive ultimate lower bound of the Ž . second argument of the positive solutions of 2.3 . Choose 1 ) ⑀ ) 0 2 small enough such that
where the assumption of ) d is used. We now claim that it is impossible that
Ž . Conversely, suppose u t F ⑀ r 2 a for all t G t . Then the first equation 2 3 Ž . of 2.3 implies that
It follows that there is a T ) t such that
Ž . It follows from the second equation of 2.3 that
Let us consider as t tends to infinity. Since u ) , by the comparison principle we have
) when t is sufficiently large, Ž . large enough such that
d a
2
If it were not valid, by the previous claim there would be t -t -t such
Ž .
we have
Ž . Ž . We must have t ) t q T q . Since x ) x 1 y ⑀ r2 y x for t F t -t , Ž . Ž . it follows from the comparison principle and 2.17 that x t ) 1 y ⑀ for 2 t q T F t -t . Thus, we have
Ž . . Ž . see that u t, t , is monotonically increasing for t ) t . As a conse- 5 5 Ž . Ž . quence, by the comparison principle we have u t G u t, t , ) for 5 2 Ž . t -t -t , contradicting u t -for t -t -t . This contradiction 5 6 2 5 6 shows that the claim is valid and therefore the second argument of the Ž . positive solutions of 2.3 is bounded from below by when t is suffi- 1 q u t Ž . density of the prey. Since a s a r rm , u s mzrx, where x and z are the 2 au densities of the prey and adult predators, respectively, we see that -1 1 q u Ž . Ž . is equivalent to a zr x q mz -r. Since a zr x q mz is the probability 2 2 that one individual of the prey species is captured by adult predators during one unit time. Theorem 2.4 shows that the system is permanent if the intrinsic growth rate of the prey is greater than the probability that one individual of the prey species is captured by adult predators during one unit of time when the prey density is low. Although conditions of Theorem 2.4 can be checked easily by numerical calculations, we give sufficient conditions for practical purposes. 1 -a -r y d , and a -1 q d. Ž . Then the system 2.3 is permanent pro¨ided that
Ž . Ž . and p a s a y 1 y d -0, it is easy to see that p y -0. This proves Ž . g y -0, and therefore the proof of Corollary 2.5 is complete.
c Ј , this corollary provides a simple upper bound for the capture rate in order to maintain the permanence of the populations.
Ž . THEOREM 2.6. Suppose a ) 1. System 1.4 cannot be permanent proided that one of the following conditions holds: if 1 -a -1 q d, a - , ae -, and 1 q 1 y a
where x is the unique root of g Ј y in 1, a .
Proof. By the discussions in the proof of Theorem 2.4, we see that each w x of the three conditions guarantees that there exists an interval y , y 1 2 Ž . w x with y ) 1 and y -a such that g y ) 0 for y g y , y . Set u s 
. Ž . Ž . Ž . which satisfies x t ª 0 as t ª ϱ. Thus, we conclude that 1.4 is not persistent if any of the conditions of this theorem holds. The proof is complete.
Remark. The biological meaning of Theorem 2.6 can be interpreted in a manner similar to those for Theorem 2.4. From Theorem 2.6, we see that the conditions in Theorem 2.4 are also necessary for the permanence of Ž . 1.4 if we ignore equality cases. Furthermore, we see that the length of the life span of juveniles plays an important role in the permanence of populations. We will illustrate this by examples in Section 5.
LOCAL STABILITY
The objective of this section is to establish sufficient conditions for local Ž . stability of a positive equilibrium of 1.4 . Let us begin by stating condi-Ž . tions for the existence of a positive equilibrium of 1.4 . By simple Ž . computations, we see that there is a unique positive equilibrium x*, z* in Ž .
if
z* s adr q 1 y a rd y 1 .
Ž . Ž .
In order to study the local stability of the positive equilibrium, let us consider the system 
Ž .

1
In order to know the distribution of characteristic roots of this equation, w x w x we need the following results from 5 or 14 . Ž . We now apply Lemma 3.1 to study the stability of 3.4 . Substituting Ž . s 0 in 3.4 , we obtain
Ž .
from which it is easy to know that the positive equilibrium is stable at s 0 if
and is unstable at s 0 if
By direct calculations, we obtain
which implies that Ž .
-a -r y d .
Let us consider the case where 0 -a -a*. We will show that It is equivalent to show 
Ž . it follows that A -0. Since the positive equilibrium is stable when s 0, it follows from Lemma 3.1 that it remains stable as long as a -a*. This is stated as Theorem 3.3. Ž .
It follows from Theorem 3.3 that the positive equilibrium is asymptotically stable. Thus, it is sufficient to show that the equilibrium is globally Ž Ž . Ž .. Ž . attractive. Let x t , z t be an arbitrary positive solution of 1.4 . Define u s lim inf x t ,¨s lim sup x t , Ž .
Ž . Ž . Ž .
tªqϱ tªqϱ
We wish to show that u s¨s x* and u s¨s z*. We only present the 1  1  2  2 proof of u s¨s z*. The proof of u s¨s x* is similar and is omitted. Ž . If y s x, it is easy to see from x s f y that y s z*. This is not the case we are interested in because we are considering the case where y ) z*. Thus, we only consider
Solving y from it, we obtain y␣ 2 x q a q ␣ y 1 y s . it follows from ␣ -1, a q ␣ y 1 ) 0 that the sign of ⌬ is determined by
Clearly, its sign is determined by a 2 q ad y 2 y 2 ad 2 from which we see that ⌬ -0 is equivalent to
Ž . This shows that the assumptions of this theorem ensure that Eq. 4.10 Ž . does not admit a solution in 0, z* in any case. Consequently, the proof of the claim is complete and therefore the proof of Theorem 4.1 is complete.
We are now in a stage to present sufficient conditions for the global stability of the positive equilibrium by constructing Liapunov functionals.
Ž . Let us begin by making the change of variables of the system 1. . Ž Ž . . juvenile predator goes to extinction if it lies in ln b rc rb , ϱ . Second, 1 2 the negative effect of the duration length of a juvenile predator for the permanence of the model can be seen from the following example. Ž . Ž . Ž . conditions in Theorem 4.1 have much less restriction to their length of delay. It can be long as long as the birth rate of adults is large or the death rate of juvenile predators is small. Theorem 3.3 is a counterpart of Theorem 4.1 in the local stability case. By comparison, we see that the parameter region for global stability of the positive equilibrium is near to its local stability region if the death rate c of adult predators is small. An interesting observation is that the stability conditions and perma-Ž . nence conditions for 1.1 are independent of the density-dependent coefficient a . This indicates that the coefficient does not influence the qualita-1 tive behavior of the model. This behavior is quite different from that in the classical predator᎐prey model.
In this paper we have assumed that an immature predator does not have the ability to attack prey. We will consider the case where immature predators can feed on prey in future work.
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